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Freon-23 is used as an example to analyze the possibilities of a method pro- 
posed earlier to construct a single equation of state for a liquid and gas. 

Investigators have recently been paying attention to the problem of constructing an 
equation of state for a liquid and gas which takes into account the singular character of 
the critical region. Great successes have been achieved with scale-theory (ST): an equation 
of state has now been derived which qualitatively accurately communicates the features of 
the critical region and satisfactorily describes available empirical data in a certain neigh- 
borhood of the critical point [1-3]. However, analysis shows that the working range of the 
ST equation is very narrow [3]. One way of possibly expanding the working range of equations 
of state of this type is introducing a regular or "background" component [4-7] into its 
structure. Such an approach makes it possible to significantly expand the range of applica- 
tion of the equation of state. Nevertheless, the authors of the above-noted works did not 
succeed in solving the problem of constructing an equation of state which takes into account 
the features of the critical region and at the same time meets the basic requirements for a 
unique equation of state [8]. 

The studies [9-11] developed a method of constructing a unique equation of state of a 
gas and liquid which qualitatively reflects the singular nature of the critical region. The 
equation of state constructed on the basis of this method is nonanalytical in character and 
has the form [9]: 
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F~ (x) = (2 - -  X)Tg (9) T~ (P) ] ' 
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The functions Ps(Ts) and Ts(0) in Eq. (i) describe the liquid-vapor equilibrium line; the 
structure of these functions was chosen with allowance for the features of the corresponding 
curve in the neighborhood of the critical point: 

T~ (9) -- r~ (9) 1 D~I@] ~/~ + ~ D+~ '~ .......... ; ~ .  (5) 
T k n>~4 

The curve of the singularity Tg(p) is set of points in which the analytic continuation 
of the relation Cv(0 ~ T) along an arbitrary isochore becomes infinite. It was shown by the 
analysis in [9] that this curve lies in the region of the two-phase state, except for the 
case of critical density. The relation Tg(0) is assigned in a form similar to (5): 
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n~4 

The + sign with the coefficients D + and E n in the last two relations pertains to the densi- 
ties p > Pk, while the -- sign pertains to the densities p ~ Pk" 

The function u~(p) is chosen on the condition of the equality of the chemical potentials 
on both branches of the phase equilibrium line. Its specific form is unambiguously deter- 
mined by the structure of the equation of state [9]: 

0 at P~Pk" (7) 
u~ (o) = if, @) ~t ~ > Pk, 

where 

(D(p)= Ts n [(pd(p)/_p*]__ -p-d~p) P \--d~s Ts Ts+[(pd(P)) 1--Tg(pd(P)) '--~ 
L + ~ 1  n~-- I  

T, --,, Ts ,] rs ] (8) 
Finally, the functions f(P) and f,(P) in (i) were assigned as follows: 

fi(p) = ~ W~[(ap)~--(-- I) n] --~ V~(--I) ~, Ix(P)= ~ Vn(AP) =- (9) 
n~[ n=2 n:2 

The equation of state (i) derived by the method examined here satisfies two asymptotes 
[9]. In the case of low densities (p § 0), the equation of state reduces to the equation of 
state of a perfect gas. At the same time, the relations predicted by scale theory follow 
from Eq. (i) in the asymptotic neighborhood of the critical point. All this on the whole 
gives hope that an equation of state constructed within the framework of the proposed ap- 
proach will reliably describe not only the regular region of states but also the region ad- 
jacent to the liquid--vapor equilibrium line -- including in the neighborhood of the critical 
point. 

The above-described method was used to construct an equation of state for Freon-23. 
This substance was chosen for study because there is reliable empirical data on its thermal 
properties both in the single-phase region and on the phase equilibrium line. The latter 
fact is of no small importance, since the saturation curve is a reference curve in the given 
approach and the quality of the approximation of the thermal data along the equilibrium 
curve has a substantial effect on the accuracy of the equation of state. 

In constructing equations describing the phase equilibrium (4) and (5), the following 
empirical data was used for reference: empirical data from the Moscow Energy Institute [12] 
on the saturated vapor pressure and data from [13] on orthobaric densities. 

A specially developed program was used along with the above-noted data to find optimum 
sets of coefficients for Eqs. (4) and (5) [14]. Here, the critical indices ~ and ~ and the 
critical parameters had the following values: a =0.112, 8 = 0.342 [15], T k = 298.98 K, Pk = 
525.5 kg/m 3 [13], Pk = 4.793 MPa. 

The resulting equation of the elasticity line (4)approximates the test data with a 
mean square error of 0.09%. For comparison, we note that the expression for Ps(Ts) obtained 
in [16] and containing eight coefficients describes the same data with an error of 0.04%. 
An important feature of Eq. (4) is that, in contrast to the equation in [16], it is thermo- 
dynamically valid at both low saturation temperatures and in the critical region. This ob- 
servation also pertains to Eq. (5) for the saturation line. The fact that Eqs. (4) and (5) 
take into account features of the critical region means that equation of state (i), includ- 
ing Ps(Ts) and Ts(P) as structural elements, will qualitatively accurately describe the 
liquid-vapor equilibrium line in the neighborhood of the critical point. 

The mean-square error of the approximation of the density of liquid Freon-23 in the 
saturation state by means of (5) is 0.10%; the approximation of the vapor branch of the 
phase equilibrium line is more complicated; the error gradually increases as temperature 
decreases. 
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TABLE i. Isochore Heat Capacity of Freon-23 

T,K 

302,08 
302,74 
303,41 
304,15 
305,07 

I] k, 
Cv' kg. K T,  K cv' ~ T, K 

1,I77 
1,096 
1,050 
1,041 
1,020 

Isochore 

307,43 
309,21 
311,70 
312,65 
313,60 

p~=439,9 kg/ms 

0,9707 
0,9632 
0,9394 
0,9348 
0,928t 

314,18 
316,04 
317,67 
319,02 

kJ 
CO, - -  

kg �9 K 

0,9317 
0,9294 
0,9187 
0,9207 

392,16 
302,42 
302,72 
303,16 
303,67 
304,17 
304,67 
305,26 

1,051 
1,049 
1,020 
1,015 
1,000 
0,9921 
0,9761 
0,9743 

Isochore 
306,97 
307,74 
308,51 
309,28 
310,05 
310,81 
311,61 
312,97 

p~3834 kg/m s 

0,9597 
0,9497 
0,9488 
0,9442 
0,9383 
0,9377 
0,9304 
0,9245 

314,00 
315,03 
316,07 
317,11 
318,13 
319,15 

0,9233 
0,9172 
0,9145 
0,9122 
0,9092 
0,9072 

299,31 
299,53 
299,76 
,300,06 
300,45 
300,91 
301,40 

1,311 
1,248 
1,181 
1,141 
1,107 
1,084 
1,100 

Isochom 

301,91 
302,88 
303,47 
304,23 
304,99 
305,76 
306,53 

p~=604,0 kg/m s 

1,042 
1,046 
1,030 
1,009 
0,9961 
0,9814 
0,9762 

309,15 
309,95 
310,74 
312,28 
313,53 
314,97 

0,9591 
0,9481 
0,9424 
0,9388 
0,9280 
0,926l 

With the equations derived, a reference curve can be used to optimize the set of co- 
efficients of equation of state (i). The main part of the mass of reference data consisted 
of thermal parameters of Freon-23 obtained at the Moscow Energy Institute [12, 17]. This 
data may also be sufficient to construct an equation of the form (i). However, it is 
best to have additional information on the isochore heat capacity of Freon-23. This is be- 
cause Eq. (i) contains structural function T=(0), which takes into account features of the 
behavior of Cv(0, T) in the neighborhood of Ehe liquid-vapor equilibrium line. Moreover, 
it is preferable to have data both in the immediate vicinity of the phase equilibrium line: 
this will make it possible to determine the character of the relation Tg(0) with the most 
reliability. 

There is no empirical data on the isochore heat capacity of Freon-23 in the single- 
phase state. We therefore attempted to experimentally study c v in the region adjacent to 
the liquid-vapor equilibrium line. The work was done in the TOTKhT department of the Lenin- 
grad Engineering Institute of the Refrigeration Industry on a unit which employs the method 
of adiabatic calorimetry with discrete heat input [18]. We studied the isochore heat capa- 
city of Freon-23 on three isochores, two of which corresponded to densities lass than the 
critical value. The resulting empirical data is shown in Table !. Analysis showed that the 
error of the values of c v depends mainly on the size of the calorimetric step and lies in 
the range 0.4-1.5%. 

The data in Table I, along with the results from [12, 17] within the range 258 ~T 
393~ 0 ~20k, was included in our reference data file that was used to look for coeffi- 
cients for equation of state (i). The coefficients of Eq. (i) were given the following 
values as a result of computer analysis: 

a, , -7  = - -2 ,4076287 .  105; al , -6  = 1.2917221. 105; 

a I ,_~ = - -2 ,8265842-106;  a I , -4  = 3.2601461.  106; a I , -3  = - - 2 . 1 3 6 6 0 6 7 .  106; 

a l , - 2  = 7 .4342062.  105; a l o =  - - 1 . 4 1 4 7 9 6 3 -  105; a n =  4.9814096.10~; a 2 _ 6 =  

= 4 .9376695.  105; a 2,_5 = - - 4 . 5 4 1 8 4 8 0 .  lOC; a 2,_4 = 1.7238141- lOV; a z , _ 3 =  
= - - 3 . 2 6 9 7 7 6 1 -  lOT; a 2 , - 2  = 2 . 8 3 7 7 3 5 4 .  107; a2o = - - 2 . 0 2 9 1 9 5 8 -  107; a21 = 

= 1.4980065.  lOV; a22 = - - 3 , 5 5 5 9 2 5 7 .  106; aa _ 5 = - - 1 . 1 4 8 6 6 2 7 -  107; a 3,_4 = 

= 7.9699429-  lOT; a3,_3 = - - 2 . 1 5 3 5 4 6 5 .  108; a3._2 = 2 .4937902.  lOS; a~o = 
= - - 3 . 3 2 6 9 7 9 7 -  lOS; a a = 3 .8253858 . t0s ;  aa~ = - -1 .8776697 .108 ;  a3~ = 
= 3.5684833-  lOT; a 4,_4 : 8 .6834125.  106; a 4 , _ 3 =  - - 5 . 4 6 6 2 6 5 4 .  lOT; a 4 , - z =  
= 1.1258988.  t08; a4o = - -  3.8447485.  108; a a  = 7 .1247464.  lOS; a~2 = 
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TABLE 2. Standard Deviations of Values of the Density of 
Freon-23 Calculated along Isotherms from Equation of State 
(i) from Test Data Obtained at the Moscow Energy Institute 

Iso therm T, K 

393,15 
373,15 
353,15 
343,15 
333.15 

av I s o t h e r m  6.0 , % T, K 

0,65 
0,46 
0,57 
0,39 
0,40 

323,15 
313,t5 
303,15 
300,15 
299,15 

6p av, % 

0,48 
0,94 
0,87 
0,32 
0,38 

[~or.herrn T ,  K 

298,06 
293,15 
283,15 
278,15 
273,15 

~ a v  % 

0,41 
0,63 
0,55 
0,39 
0,63 
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Fig. I. Deviation of values of isochore heat 
capacity calculated from equation of state (I) 
from test data: I) isochore 0 = p,; 2) p = 0z; 
3) 0 : 03. T, K; 6av , %. 

= - - 6 . 1 4 6 6 7 6 4 .  108; %a = 2 . 6 7 4 7 4 9 8 .  108; a ~  = - - 4 . 7 4 1 2 5 5 5 . 1 0 T ;  a 5 . _ 2  = 

= 1 .1489833 .108 ;  a~ o = - -  2.9524729.107; a51 = 1 . 0 6 5 3 4 3 3 .  108; a52 = 
= - - 1 . 7 0 5 0 1 7 3 .  108; a~3 = 1 .4355564-  108; a s ~  = --6.2202512. 107; a55 - -  
= 1 .0987449 .107 ;  a 6 ,_4  = - - 2 . 6 6 1 5 9 0 4 . 1 0 ~ ;  a 6,_2 = 2.0004421. 105; a~o = 

= - - 5 . 5 3 9 7 5 9 2 . 1 0 5 ;  a6~= 6.7322754.105; a6~ = - - 3 . 3 7 9 5 5 3 7 . t 0 5 ;  a66 = 
= 4 . 4 3 8 4 3 8 3 . 1 0 ~ ;  aTo = - - 3 , 1 0 6 8 1 2 4 .  101; a71 = 7 . 0 9 1 4 2 7 6 -  10t; a78 = 
= - - 3 . 6 8 9 7 4 9 3 . 1 0 ~ ;  aT~ = - - 3 . 5 1 8 1 7 7 3 . 1 0 ~ ;  a77 = 3 . 4 2 1 3 6 6 9 . 1 0 ~ ;  aso = 
= - - 1 . 2 7 0 3 2 2 5 . 1 0 a ;  a82 = 2 . 0 2 0 2 9 9 0 . 1 0 8 ;  as~ = - - 1 . 4 6 2 8 9 1 2 . 1 0 ~ ;  a86 = 
= 2 . 8 9 6 9 8 7 8 -  10~; ass = - -  1 ,6221294 .10~ ;  a,o = 1 .3176843 .  102; a93 = 
= 1 . 0 9 1 3 5 1 7 .  103; a96 = - - 2 . 5 3 0 8 8 4 0 . 1 0 ~ ;  a99 ~ 1 .6032375 .  103; alo,o = 

= - - 4 . 0 4 5 9 5 1 0 . 1 0 t ;  alo.5 = 7. 0 7 0 0 9 8 2 .  101; alo,1 o = - - 6 . 1 1 0 2 7 8 8 . 1 0  ~ wl  = 

= 2 . 3 6 8 6 9 9 . 1 0 ' ;  w~ = 7 . 6 9 5 9 6 5 . 1 0 h  w3 = 1 .170967-  10~; w~ = 4 . 1 1 3 4 7 2 . 1 0 h  
v2 = - - 2 . 2 5 9 8 1 6 . 1 0 ' ;  va = 8 . 3 8 9 9 3 3 . 1 0 ~  % = - - I . 1 1 8 4 3 3 . 1 0 ~ ;  E g =  0 .230 ;  

E ~  = 0; E ~  = - - 0 . 7 7 0 .  

As noted earlier, the main goal of this article was to examine the possibility of using 
Eq. (i) to describe with equal accuracy both the regular and singular parts of the thermo- 
dynamic surface. Table 2 shows results which characterize the accuracy of the calculation 
of density along near-critical isotherms and isotherms located far from the critical point. 
It is apparent that the error of the description of the density of Freon-23 is practically 
the same on all of the isotherms. Thus, the problem of a sharp difference in the accuracy 
of the description of the regular and irregular parts of a thermodynamic surface, typical of 
analytic equations of state, can be solved within the framework of the proposed approach. 
This also applies to the description of thermal surface and (to an even greater degree) to 
calculation of the isochore heat capacity (see Fig. I). 

The above method was used in [9] to construct a single equation of state of a gas and 
liquid using the example of argon. As in the present work, in [9] it was shown to be basi- 
cally possible to use a single equation of state to describe an entire thermodynamic surface 
with almost equal accuracy, including the neighborhood of the Critical point. It was there- 
fore demonstrated that the method is applicable not only to substances with a simple mole- 
cular structure (such as argon) but also to substances with a complex molecular structure 
(molecules of Freon-23, for example, have a dipole moment equal to 1.65 • 0.09). 

The main shortcoming of equation of state (i) is that the standard deviation of the 
description of the thermal data is relatively high -- around 0.6%. For comparison, we note 
that in the case of the analytic equation in [16] the following was obtained for the same 
empirical data: ~pav = 0.2%. 
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The fact that Eq. (i) is not quite completely satisfactory for calculating thermal para- 
meters compels us to examine two issues: first, to determine the reason for this and, second, 
to determine if it is possible to improve the accuracy of the equation. 

An analysis showed that the shortcoming pointed out is not an indictment of the method 
used to obtain the equation but is instead related to the specific selection of the form of 
the structural functions in Eq. (i). A future task is to search for ways of improving the 
given approach. However, we can already point to the basic directions to be taken in solv- 
ing the problem. First, it is evident that the method of describing the vapor branch of the 
saturation line in the form of (5) is far from ideal. Second, the structure of the regular 
part of the equation of state will have to be further analyzed. Finally, the accuracy of 
the equation would be increased by allowing for nonasymptotic terms in the expression for 
intrinsic energy, which is the basis for the derivation of the equation of state. 

NOTATION 

p, pressure; p, density; T, absolute temperature; T s, saturated vapor temperature; Ps, 
pressure of substance in saturated state; a, B, y, critical indices; Tg(p), f(p) and f~(p), 
structural functions of intrinsic energy; u, intrinsic energy; Ts = Ts/Tk; Pk, Pkl Tk' criti- 
cal parameters; Bi, coefficients of the equation of the elasticity line; D s and D~, coeffi- 
cients of the equation of the saturation line; Eg and E~, coefficients of the curve of the 
singularity T=(p); pd, density of the saturated vapor; Cv, isochore heat capacity; ~o, devi- 
ation of calculated value of density pt from reference data, ~p = (pre _ pt)/pre I00%; 

N 

= 6pn)/N] ; N, number of experimental points; ~c v = (c~ e- c t-~v) Ic vrea100%; Ain , W n, 

and Vn, coefficients of the equation of state; ain = AinP~+~/(PkT~), w n = WnPk/Pk , v n =VnPk/ 
Ok. 
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